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Kinematic Wave Approach to Hydraulic Jumps with Waves

Wilson C. Chin*
Massachusetts Institute of Technology, Cambridge, Mass.

Rayleigh’s classical approach to hydraulic jumps is discussed and extended to allow for the added presence of
finite amplitude disturbance waves. In this paper the decrease of mean flow energy through the jump discon-
tinuity is accounted for by the sudden appearance of enhanced downstream radiating waves. Without appealing
to turbulent dissipation, the proposed model, which applies only to weak inviscid bores, relates the mean height,
the mean speed, the wave energy density, and the wavenumber fore and aft of the jump through the conservation
laws for total mass, total momentum, total energy, and wave crest number. The model, in shallow water,
completely describes the undulatory character of the wavy downstream flow, yielding results in agreement with
observed features of bores in nature. ‘‘Deep water jumps,’’ although somewhat speculative, are also briefly
described, with the aim of stimulating further discussion. The relationships between the present hydraulic model
and some work of Benjamin and Lighthill and others are also cited for completeness. The basic notions are then
extended to ‘‘wave discontinuities’’ in arbitrary continuous media using ideas derived from kinematic wave
theory, and a further stability analysis points to the conditions under which the postulated jumps exist.

Introduction

HE transition a physical system undergoes when it jumps

from one equilibrium state to another is generally studied
by seeking multivalued solutions to the governing nonlinear
equations with certain prescribed fluxes assumed. Examples
well-known in fluid mechanics include hydraulic jumps in
shallow water; gasdynamic shocks in compressible flow; and,
possibly, the sudden characteristic increases in core size
observed in vortex breakdown. The relationships connecting
the conjugate states of a discontinuous flow, when they do
exist, and the stability properties of the resulting jumps, of
course, depend exactly upon which fluxes are fixed across the
jump and upon the dynamical or kinematical model used.

For example, Rayleigh’s treatment of hydraulic jumps in
shallow water! relates the surface elevation 4 and the flow
speed U fore and aft of the discontinuity by conserving mass
and momentum; the resulting decrease of energy across the
jump, in this classical model, is accounted for by turbulent
dissipation. This well-known description applies to strong
bores. Experimentally, however, it is found that weak bores
have a stationary train of waves behind them: the required
loss of mean flow energy need not occur entirely through
friction but by the radiation of a stationary wavetrain.? This
wave radiation, first modeled in the pioneering work of
Benjamin and Lighthill, ? is reconsidered in the present paper,
where a new description for hydraulic jumps with finite
amplitude waves applicable to weak bores completely absent
of any dissipation is given.

The main ideas, developed and discussed in the context of
hydraulic jumps in shallow water, are given in the next section
where reference to existing analytic models and experiment is
also made. The basic approach, however, applies to
discontinuous states in arbitrary continuous media, and is
generalized using the kinematic wave formalism recently
developed by Hayes*; a linearized analysis for the stability of
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the resulting discontinuities with respect to self-induced
disturbances, using this general approach, is also carried out,
and explicit formulas are obtained for the local amplification
or decay rates in terms of spatial gradients in the flow
nonuniformity.

Gravity Waves: an Illustrative Example

The classical treatment of hydraulic jumps in shallow water
assumes a mean flow of height # and speed U without
superposed waves.! Conjugate solutions for U and h,
determined by fixing both mass and momentum fluxes, are
easily obtained; the directionality of the physical flow is
defined by an entropy condition prescribing a decrease in net
energy flux on reaching the downstream side, where the loss is
attributed to turbulent dissipation. This reasonable
hypothesis for strong transitions does not necessarily apply to
weaker jumps. Indeed, Favre? finds experimentally that weak
bores have a stationary train of waves behind them; these
waves exhibit no breaking for mean depth ratios less than
1.28. Lemoine,3 quoting Favre’s result, points out that under
these circumstances the required loss of energy may occur not
by friction, but by radiation through the stationary wavetrain.

This paper considers a simple analytic model for the
combined wave and mean flow system. The model completely
describes the suddenly enhanced character of the downstream
undulatory flow once upstream conditions are prescribed.
The presence of waves requires two additional parameters:
say, the wave energy density E and the wavenumber K. To
connect the parameters h, U, E, and K fore and aft of the
discontinuity, four conservation laws are invoked. Since the
assumed transition is weak and basically inviscid, we conserve
total mass, total momentum, total energy, and the number of
wave crests. (The model can be developed assuming, of
course, some loss of energy.)

The implicatons of the model are best understood by
considering some specific examples. Consider water of finite
depth. As discussed, four parameters, namely, E, K, A, and
U, are required to describe the physical system. Usually a
“‘mass transport velocity’’ U, measuring the nonharmonic
part of the complete flow, including the effect of wave-
induced changes to the ‘‘original’’ mean flow U without
waves, is substituted in place of U. [For a more extensive
discussion and the derivation of Eqs. (4-6) see Phillipsé or
Whitham.”] Let U, denote the shock speed and introduce the
relative velocity u=U-U,. In the shallow water limit
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characteristic of bore-like flows, Whitham’s nonlinear
modulation equations, derived for near-linear sinusoidal
wavetrains, simplify somewhat because the wavenumber X
does_not explicitly appear in the conservation laws used. Let
m, P, and Q be the prescribed fluxes for total mass, total
momentum, and total energy; let p be the fluid density and g
be the acceleration due to gravity, and introduce non-
dimensional variables with the definitions

2 173
h=n/ (2N =k )
gp?
_ gm 1/3
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E=E/(2—7 gT> =E/E, 3)

The cited conservation laws reduce, respectively, to

hu=1 C))
P
hu? +h?+E= =P>0 )
phyuj

4 10 2
hu’ +4uh? + ?ﬁh%E+?Eu= 9 =0>0 6)

where ‘‘bars’’ have been dropped for convenience. [When
E=0 and Eq. (6) is deleted, our formulation reduces to the
classical one conserving mass and momentum fluxes only.]
From Eqgs. (4, 5 and 6), the following ninth-order equation for
H=nh" can be derived:

1 3
H— Z@H6—PH5+ E\@QH“+H3— 3\@PH2+ gx/f=o

M

For positive P and Q, all positive roots for H require E=0 to
qualify as physically realistic solutions. Some idea of the
jumps typical of Eqs. (4-6) is obtained on comparison with
those found through the classical hydraulic model. Denote by
““1”” and ““2”’ the upstream and downstream states, respec-
tively, and require k,>h, in the usual way. For the case
P=2.12, which corresponds to a Froude number Fr=3%,
where the standard definition Fr=u/(gh) ** is used, we have
hy/h, =2, h;=0.55, and h, =1.10. The classical mean flow
energy flux Q,, =hu’ +4uh?=4h+h -2 is 5.50 upstream and
5.23 downstream, so that the deficit ratio is 5.23/5.50, or
0.95.

In the present model, the loss in mean flow energy is
completely accounted for by the presence of radiating waves.
For comparison, we set P=2.12 and Q0 =5.50. The conjugate
depths are now obtained as A, =0.55 and h,=1.03, and
calculations show E; =0.00 while E, =0.084. In other words,
the waves are practically nonexistent on side 1 but, on side 2,
they acquire a sudden visibility. The ratio of downstream to
upstream mean energy flux is 0.92, in contrast to 0.95, and the
rest goes into waves. The phase velocity decreases across the
jump; since the wave frequency, as postulated, is fixed, the
wavenumber therefore increases. (Whitham’s conservation
law for wave crests? K, +w, =0, were w is the wave frequency
and x and ¢ are propagation space and time coordinates,
reduces to w=-constant in the ‘‘steady’’ 4/0¢t=0 limit; the
actual motion is, of course, dynamically unsteady.) Thus, the
sudden visibility of the wave is enhanced by both increased
wave amplitude and wavenumber, these increases being
completely determinable from Egs. (4-6). Moreover, the
classical hydraulic jump behavior for the mean flow is
qualitatively reproduced without appeal to turbulent
dissipation.
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Additional results are obtained by seeking positive E
solutions of Eq. (7). A simple way to construct solutions
follows by rewriting Eq. (7) in the form

_ 3/8V2H* H?—1/4V2HS+ H3 +7/8V2 .
H’ +5/4V2H? HS+5/4V2H? ®

Thus, every value of the parameter H defines a straight line in
the P-Q plane. The intersection of two or more lines at some
point (P*,Q*) indicates two or more values of H at that
point. This requires us only to study the slope and P-intercept
functions of Eq. (8). For E=0, it is necessary that
P=P,=H*+ H-2. Some typical results are shown in Fig. 1.

Various sets of (H,,H,) are considered with h,/h; =2.25,
that is, we assume (H,, H,) as a conjugate pair. Each H then
determines a straight line in the P-Q plane, and the in-
tersection point (P*, Q*) is determined from the solution of
two derived linear algebraic equations. Repeating the
procedure for different #’s generates different solutions, as
given in Fig. 1. The results show how every point along the
solid portion of the line determines two conjugate solutions:
the jump in A from A, to h, is always accompained by an
increase in E and a decrease in Q,,, agreeing qualitatively with
Rayleigh’s hydraulic model. Each point along the solid curve
posesses two roots with positive E solutions; the dashed
portion yields one negative root for E, however, so that
discontinuous solutions do not exist. It follows that hydraulic
jumps in shallow water, under the assumed model, are
possible only for sufficiently large P’s or Q’s.

General Approach and Stability Analysis

The basic ideas underlying the foregoing analysis are quite
general and apply to hydraulic discontinuities in arbitrary
continuous media. The nonlinear wave and mean flow in-
teractions that inevitably arise in problems such as those
considered in this paper are, fortunately, amenable to simple
mathematical representation using recently developed ideas
from kinematic wave theory; and, in this section, we
redevelop our ideas more generally. In what follows, we adopt
Haye’s* Hamiltonian approach to Whitham’s? average
Lagrangian method and assume some familiarity with these
techniques.

The problems under consideration are described more
generally by introducing two triads, namely, (P,v,3) and
(A,w,K), an explicit dependence on the nonuniformity A(x,¢),
and an average Lagrangian £ in the form

L=Aw+Py—H(K,A,B,PN) )

following Hayes. The first triad characterizes mean
properties; in the context of the foregoing example, P and 3
would correspond, respectively, to the mean height and the
mean speed, while y=v(B,P,A,K), determined from the
auxiliary condition £, =0 or y=Hp, would be a Bernoulli-
type ‘‘dispersion relation’” for the pressure. The second triad
(4,0,K) characterizes the coupled wave flow; A, w, and K
refer to, respectively, the wave action density, the wave
frequency, and the wavenumber, where the dispersion
relation obtains from £ 4, =0 or w=H 4.

Four remaining equations are needed to connect the six
unknowns. As discussed, we conserve wave crest number,
total mass, total energy, and total momentum. In a coor-
dinate system moving with a shock of speed U, (¢), where ¢ is
time, we have

H, (K,A,B,P,\) — U,K=constant (10

H; — U,P=constant (11)
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AH, +PHp—H+KHy +8H; — U (KA +(P) =constant

13)

We now assume a basic steady solution and displace the
stationary shock with a small amount = (¢). Expansion of all
flow parameters about the steady solution corresponding to
Z=0, noting that the shock speed U, (t)=Z(t) to 0(E),
where dots refer to time derivatives, and that, for example,
A=A,+A)FE and

F(A)=F(A)) +F,(A))AE
for any function F(A), yields

HAI,(J:HAZ,O (14)

H51,0 =H52,0 (15)

HAi,OHKI,O +HP1,0Hﬂ1,o =HA2,0HK2,0 +HP2,0H/32,0 (16)

AroHa,  +PioHp,  —H, o+ K, oHy,  +8,0Hy,
=Ay0H,, )+ PaooHp, ) —Hoo+ KyoHy,  +620H;,, (17)

to 0(1). Subscripts 0 here refer to the undisturbed state; Egs.
(14-17) correspond to the jump conditions described in the
previous section, but now they are written in a general form
applicable to a wider variety of problems. The 0 (=) hierarchy
of equations leads to, respectively,

C)=C )y

= = 18a)
Kro—Kp (
( V=H K +H A +H, 38" +HpP' +Hy N (18b)
w )= ( ),
H=——>2 ~ /1 = 192)
I)ZJ)__I)LO (
( V=HyK +Hg A’ +HgB' +HgpP’ +Hy N (19b)
= ()= )y
= 20a)
lizo"‘}fho (
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( ) =H,(HygK' +Hy A" +Hygf' +HepP' + Ho\')
+Hy (HgK' +Hy A" +H 38 +H, pP' +H,\')
+Hp (HoK' +Hgy A’ +HggB' +HypP' + Hy\')

+Hy (HpgK' +Hpy A" +HpsB' +HppP' + Hpy\')

(20b)

( ).—( ), =
(K3,0A420+B20P20) — (K104, 04+B,0P1o)

=
No=
—-

(21a)

( V=AH kK +H yA" +H58" +HypP' +HpN')
+P(HpgK' +Hpg A" +HpgB' +HppP' +Hp\' )
+K(HK' +Hya A’ + HyB' +HygpP' + Ho\')
+B(HyK' +Hyy A" +HyyB' +HypP' + Hy\')

—H,\’ (21b)
The bracketed quantities in Eqs. (18-21) can be simplified
using the wave action equation dH/dx=0, the wave con-
servation law dH , /dx =0, the mass flux law 3H;/3x=0, and
the consistency conditions dH,/dx=0 and 83/37+dv/dx=0.
On substitution, the amplification rates in the first three

equations vanish identically, implying neutral stability.
However, Eq. (21) is nontrivial and leads to
& —H,, Moo+ Hy, (N T @

B (K30A420+820P20) — (K1 04,0+ 80P 1) -

Thus, when the inhomogeneity N’ vanishes, the shock is
neutrally stable. (Our stability criterion does not include high-
order nonlinear effects or dissipation, however.) Egs. (14-17
and 22) are the main contributions of this section, and
examples of their application are given by Chin. 38

Before concluding this section, it is instructive to apply our
stability results to hydraulic jumps in water of finite depth.
The following expansion for H, obtained by assuming a near-
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linear Stokes series, is found in Hayes, 4

H=1582P+ %gP? + ABK + Aw® (K,P) + iK3DA2 +0(A°)

w?=(gKT) " T=tanhKP

D=9/8T—-5/4T-1—-9/8T 3 23)

where, again, g is the acceleration due to gravity. In the
general case, both the mean speed 8 and the mean height P
may vary with changes in x. We assume a flat bottom,
however, with streamwise inhomogeneity appearing only
through the appearance of a variable 8(x) induced, say, by
some type of side inflow. (Hydraulic jumps are usually
formed on variable currents and their stability and ob-
servability directly depends on the type of nonuniformity.)
Setting A(x) =g(x) shows that H\,\' =(KA+8P)B’. If
B’ (x) is continuous through the jump, Eq. (22) yields.

E=—B" (Xpok ) E (24)

Thus the shock is unstable in a region of decelerating flow and
stable in a region of accelerating flow; instability arises
because the infinitesimal disturbances assumed here con-
tinually consume the energy of the basic wave and mean flow
system. Incidentally, this criterion is exactly the same that
obtains for the stability of gasdynamic shocks in slowly
varying channels.

Discussion and Concluding Remarks

This paper generalizes the notion of a hydraulic jump by
introducing the idea of a combined nonlinearly coupled wave
and mean flow system. The added presence of a wave requires
two additional parameters in the overall description, F and X,
as presented here and, therefore, two additional conservation
laws; conservation of total mass, total momentum, total
energy, and wave crests is assumed. The use of a basic
sinusoidal wave solution obtained from a near-linear Stokes
type expansion to account for losses in mean flow energy
implies a weak nonbreaking transition consistent with the
‘‘conserving’’ jump conditions chosen. The general theory of
wave discontinuities and their stability with respect to self-
induced disturbances is developed using the formalism of
kinematic wave theory, and the method is applied in detail to
hydraulic jumps in shallow water. The approach, as noted,
yields results consistent with observed features of bores in
nature.

Simple algebraic formulas for end results amenable to hand
calculation for the example considered, unfortunately, are not
possible except in the more elementary classical hydraulic
jump limit without waves. However, detailed numerical
results are easily obtained from Eqs. (4-7). The ‘‘inverse’’
problem discussed in the text just following Eq. (8), for
example, describes one way of generating families of con-
jugate solutions; in this method, the mean depth ratio 4, /4, is
fixed and P and Q are determined in the process. Often the
fluxes P and Q are to be specified beforehand and multivalued
solutions are sought. The solution of this ‘‘direct’’ problem
calls for the following simple recipe. Real positive solutions of
Eq. (7) for H are first obtained, these corresponding to
physically realistic values provided that £, on the basis of Egs.
(4) and (5), say, is non-negative; the streamwise speed u, of
course, follows directly from Eq. (4), while the wavenumber is
solved from the requirement that the wave frequency takes on
the same prescribed constant value on both sides of the
discontinuity. (In this sense the problems considered are
‘“steady,”” meaning that 0K/df+dw/dx=0, with 3/0r=0,
yields w = constant; the actual dynamical problem, naturally,
is an unsteady one.)

An intriguing question arises in the deep water limit: Do
discontinuous solutions exist? If, as assumed, U,, is uniform

HYDRAULIC JUMPS WITH WAVES 123

over depth, we must disallow discontinuities in the mean
speed because they would imply unrealistic infinite changes in
mean flow energy. Thus, if jumps in E and K cannot be ac-
companied by jumps in U, and A, the wave and mean fields
must, in this limit, dynamically uncouple. (This decoupling
was first indicated by Whitham7 in a different context.) On
this basis, conjugate solutions for E and K are separately
determined, quite plausibly, by fixing the flux of wave
momentum and by fixing the wave frequency, if dissipation is
assumed to act in the detailed description.

Discontinuous solutions obtained in this manner, depen-
dent on the parameter U,,, are discussed by the present author
in Ref. 8. When conjugate values do exist, they are charac-
terized by jumps across which F and K increase, while net
energy flux decreases; the stability of these ‘‘deep water
jumps,”’ after some analysis, also follows Eq. (24). The deep
water problem, of course, is a nontrivial limit of the finite
depth formulation. While the formal results cited here are
interesting, there is no current experimental evidence sup-
porting their existence; but they may be relevant to wave
breaking and other catastrophic transitions in the ocean. For
further discussion, the reader is referred to Ref. 8, where the
possibility of re-establishing the wave and mean flow coupling
in deep water through an assumed dependence of the mean
speed U, on the vertical coordinate y is also considered.

The study of discontinuous solutions has gained much
recent attention, for example, Benjamin’s® theory of con-
jugate flows in vortex breakdown, which develops further the
early ideas of Ref. 3, or the alternative approach of Landahl
and Widnall, !0 also for vortex breakdown. These theories, as
in the present paper, in effect, model rapid transitions by
idealizing the basic flow configuration using abrupt
discontinuous changes in state. The most interesting study
relevant to the present analysis, of course, is the pioneering
study of Benjamin and Lighthill? for hydraulic jumps in
water of finite depth. This original work, also motivated by
the experimental results of Favre,? was carried out to com-
plement some theoretical estimates of Lemoine on the
properties of radiating sinusoidal waves of infinitesimal
amplitude. (Ref. 3 points out some numerical errors of
Lemoine, however.) The Benjamin and Lighthill model, in
contrast, was pursued to establish the extent to which the
assumption of a radiating cnoidal wave holds, and numerical
results are given in that paper; these authors show that such a
wavetrain, present in all but very strong bores, is capable of
absorbing almost the whole energy which, according to
classical theory, is liberated at the bore—noting, however,
that some minute residual dissipation of energy appears to be
necessary. The model considered in the present paper con-
siders finite amplitude waves of sinusoidal form, and the
nonlinear wave and mean flow coupling is furnished through
the kinematic wave model described in Whitham’s
modulation equations [see Eqgs. (4-6)]. The results of the
foregoing analysis show that hydraulic solutions of the type
considered need not exist for all flux parameters, but the
qualitative effect of wave radiation appearing in the down-
stream flow is somewhat similar to that of Benjamin and
Lighthill. The present model can, of course, be slightly
modified to allow some energy dissipation through the jump,
by reworking the total energy balance; work along these lines,
which has not yet been pursued, would permit a meaningful
comparison with Ref. 3. For completeness, we note that the
approach taken here on shock stability and mean and per-
turbation flow interaction follows the well-known ideas of
Kantrowitz!! and Burgers!? in gasdynamics.
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